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ABSTRACT.
THEOREM. There is a finitely generated one relator lattice-ordered group with
insoluble ( group) word problem.

We prove

THEOREM. There exists a finitely presented lattice-ordered group with insoluble word
problem.

COROLLARY. There is a one relator finitely generated lattice-ordered group with
insoluble word problem.

The Theorem is the obvious analogue of the corresponding result for groups.
However, the Corollary has no analogue for groups since any one relator finitely
generated group has soluble word problem [7].

The proofs we will give are completely self-contained except for two well-known
results from recursion theory (I and II below).

0. Introduction. A lattice-ordered group is a group and a lattice such that the
group operation distributes over the lattice operations. An example (which we will
need later) is A(R) = Aut((R, <)), the order-preserving permutations of the real
line, R; the group operation is composition, and the lattice operations are the
pointwise ones (i.e., if f, g € A(R), then fg, fVV g and f A g are the order-preserving
permutations of R defined by: a(fg) = (af)g, a(fV g)= max{af, ag} and
a( f A g) = min{af, ag} (a € R), respectively).

A presentation of a lattice-ordered group with generators x; (i € I), and relations
r(x) = e (j € J) can be realised by taking the quotient of the free lattice-ordered
group F on {x,: i € I} by the normal convex sublattice subgroup generated by the
elements {r(x): j€J} of F. If I and J are both finite we will say that the
lattice-ordered group is finitely presented. Note that the r,(x) are formed from x by
using possibly both the lattice and group operations.
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We will obtain a certain primitive recursive set R of relations, involving only a
finite set of letters correlated with elements of A(R), such that the subset S of R
comprising those members of R which hold in A(R) is nonrecursive. We will then
show that there is a finite set S, of relations which hold in A(R) and imply S. S, will
be constructed from a finite set X, of letters, consisting of the letters which appear in
R and new elements correlated with additional elements of A(R). A member of R
will then be implied by S, if and only if it belongs to S. Hence the finitely presented
lattice-ordered group ( X,; S,) will have insoluble word problem; i.e., the word
problem for ( X,; S,) is not recursively soluble. Roughly speaking, S, corresponds to
the characteristic function of a recursively enumerable set that is not recursive.
Indeed, the representation of each recursive function by a finite set of relations is the
main step in our proof—see §4.

The method we use in our proof for coding in recursive functions comes from [9]
where a similar technique was used to give an elementary proof of the existence of a
finitely presented group with insoluble word problem. The intuition gained from
reading McKenzie and Thompson’s paper has proved invaluable to us. We are most
grateful to Professor W. W. Boone for making us aware of it.?

Caution. [9] makes essential use of an element R of order 3 (which juggles the
levels). Since lattice-ordered groups have no torsion elements, we have had to
develop a totally different strategy to prove our theorem. This has meant we have
had to originate new results in ordered permutation groups concerning conjugating
several elements simultaneously by the same conjugator (see Appendix for proofs).
This new technique is necessitated by the failure of the amalgamation property
[2, Theorem 10C] and is an essential departure from [9]. We do not know if the
standard finitely presented groups with insoluble word problem (see, e.g.. [0] and [1])
can be made into lattice-ordered groups—they are torsion-free. Also, we do not
know whether the lattice-ordered groups (as opposed to groups) given by these finite
presentations have insoluble word problem—the lack of a unique normal form and
the absence of the amalgamation property make this a difficult problem.

The only results on word problems for lattice-ordered groups to date have
concerned free objects in certain varieties of lattice-ordered groups [5], [6] and [8]
and the existence of a recursively presented lattice-ordered group with insoluble
word problem [3].

We are most grateful to the referees, especially George McNulty, for their careful
reading of the manuscripts. Their attention to detail has led to considerable
amplification in many places we had left obscure. The readability of the paper (such
as it is) owes a great deal to them.

1. Background. We will use w for the set of nonnegative integers, Z for the set of
integers, and Z* for the set of positive integers. “w will be used for the set of
functions from w into w. In contrast to our notation for permutations, we will write

2After this article was written, we learned from Ralph N. McKenzie that Richard J. Thompson had
independently solved the problem but had not published it.
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elements of “w on the left; so, if f, g €“w, fg will be that member of “w defined by
fe(n) = f(8(n)) (n € w).

Before embarking on the proof of the Theorem, we develop the notation and basic
facts that we will need about lattice-ordered groups and A(R).

LeEmMMA Q. Let G be any lattice-ordered group and x, y, z € G.

W) Ifx Ny =e, then x'yx = y.

i) Ifx(x Ny)y'ANy=eande<z<y, then(x Ny)'z(x Ny)=x""zx.
(i) Ifx Nyx"' =e,e<z<y&yz=1zy thenx <y & xz = zx.

PrOOF. Since (x Ay)"'=x""Vy' we have x(x Ay)'y=yVx for all

x,y €QG.
OIfxANy=e,thenxy=pyVx=xVy=yx.

() If x(x Ay)y' Ay=e&e<z<y, then x(x Ny)' Az=e By (i),
x(x A y) 'z =zx(x A y)™". Thus (ii) holds.

(iii) If x A yx™' = e, then yx~' = e (so y = x) and xyx~' = yx~'x = y by (i). Since
z=e,x NzAyx' =e; hence yx(x Nz) = (x A z)yx~' = y(x A z)x7' (y com-
mutes with x & z). Thus x ANz=x(x Az)x' =x Axzx"". As x,z<y,
x A (xV z)x™" =e. Therefore x V z = (x V z)x'x = x(x V z)x~! by (i). Conse-
quently, x Az = x Axzx'&x V z=xV xzx~". Since lattice-ordered groups are
distributive lattices, z = xzx~', proving (iii). O

For g € A(R), let supp(g) = {« €ER: ag # a}. If supp(g) is precisely one
interval of R, we will say that g has one bump; if supp(g) is bounded in R, we will
say that g is bounded.

Observe that if e < f, g € A(R), then f A g = e if and only if supp(f) M supp(g)
= @. Also, supp(h~'gh) = [supp(g)]h. Hence if g is bounded and has one bump
and h > e, then h™'gh A\ g = e if and only if &4 maps the interval of support of g
completely to the right of the interval of support of g. Further, if f,f, >e,
then f, Aff,' = e if and only if af, = af for all « € supp(f,). In this case,
supp( f,) C supp(f) and f = f, V ff;"". All of these facts are easily verified and are
standard fare in the study of ordered permutation groups (see §§1.9 and 2.1 of [2]).

2. Interpretation in A(R).

We now construct elements of A(R) which will realise all the relations we require
later. We present the interpretation first since it led us to the eventual finitely
presented lattice-ordered group with insoluble word problem. Indeed, it is the
picture that led to the construction of such a lattice-ordered group.

In A(R), there are elements a, b,, ¢, > e each bounded and having one bump,
such that:

(@) ag N\ by"agby = e = by N cg"bycg for all n € Z\ {0},
(b) by "ayby' < by and c;"bycy < ¢, for allm € Z,

(c) between supp(b;™aybi’) and supp(b;"a,by) there is a nondegenerate interval
of R whenever m and n are distinct integers, and

(d) similarly for supp(cy™bycg’) and supp(cgy”byeg).
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The picture above describes the situation—by (a) and the remarks in §1, the
support of by"a,b{ is indeed to the left of the support of by"a,bg' if m > n. So we
can satisfy (¢), (a) and (b) simultaneously; similarly also (d).

Because of the bump structure, there is a, € A(R) such that a3'aja; = b, and
a;'bya, = c,. Since the actual definition of a, (as opposed to these vital properties)
is immaterial, we omit the details here—they can be found in the Appendix. Let
d, = a3'coay, x, = a3'dyay and y, = aj"x,aj (n €Z"). Let W= {y/ -y«
k €Z",n,,...,n, €Z)and write x * y for y~'xy (x * yz is shorthand for x * (yz)).
By (a), (b), the remarks in §1 and the definition of a3, {x, * w: w € W} forms a
pairwise disjoint set. Let d, € A(R) be the pointwise supremum of it. (Note that
xo ANdx5' = e, ie, aj'dyay Nd(a3'dyay) = e—so x,Vd,x;' =d|.) Let ¢, €
A(R) be the pointwise supremum of the pairwise disjoint set of elements {d, * d'w:
n €Z,we W}, b, € AR) be the pointwise supremum of the pairwise disjoint set
of elements {c,* c]'d{w: m,n € Z, w € W}, and a, € A(R) be the pointwise
supremum of the pairwise disjoint set {b, * b'c{dfw: m,n, k € Z, w € W}. By
construction a,, b, ¢, and d, each commute with each other, a3'c,a; = d,, a3'b,a,
= ¢, and aj'a,a, = b,. Also, since a, t supp(b,) = byt supp(b,), a,b, = bya,. Let a,
be the pointwise supremum of the pairwise disjoint set {a,*aj: n €Z"}. So
a,Na,=e and a;'a,a, <a,. Let ag and a, be the pointwise suprema of the
pairwise disjoint sets {a, * c¢[": m € w} and {a, * ¢;": m € Z* }. Note that a, N a,
=e, ¢;'(agVas)c, =agVa,;, aygNaga;' =e, cilage, <aq, ca,c;' <a, and
c,a;¢;' <a,.

Because of bump structure, we can find a4, a5 € A(R) such that a;'aga, = a,,
a;'aja, = b,, a;'ba,=c, and aj'cya, =d,; as'agas=a, a3;'byas=c, and
as'c,as = c,—see the Appendix for the details. Hence a, * a"a; = a, » b7' for all
m € Z.

We have coded in five “levels” of Z via a,, a,, b, ¢, and d,, e.g., apa;b}" will code
in 1 at the lowest level, n at the next level, m at the third level, and 0 at the two
highest levels. The purpose of a,, a, and a; is to help us to pass from one level to
another. This wll be vital in the proof of Lemma 2 when coding in the composition
of two functions belonging to “w (see §4). Since the class of lattice-ordered groups
fails to satisfy the amalgamation property, the existence of such a;, a, and a; is by
no means guaranteed. The construction of a, a,, b,, ¢, and d, has been carefully
contrived to ensure that there are indeed elements a5, a, and a, having the desired
properties.

We now code f €“ w into A(R) via a, where

supp(a,) = U {supp(c, * c'd{'): m € w,n € L}
and
ast supp(cy * cf'dy') = b{"™t supp(c, * ¢i'dy’) forallm € wandn € Z.

Note that a, commutes with a,, b, and d,, and a, * c{'a; = a, * b{™cy" for all
mE w.
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Finally, for technical reasons, we need one extra element 4 € A(R) defined by
supp(d) C U {supp(cy * ci'd['w): m,n € Z,w € W}, and a1 supp(c, * c['dw) =
b7+t supp(cy * cf'd'w) for all m,n €Z, w e W. Note that a,=(aVe)A
a;'dya,, s being the successor function. Also ad = a for all « € supp(ag); hence
agN(@"'Ve)=e.

3. The basic lattice-ordered group.
In A(R) we constructed five “levels” of Z. We now write down a finite presenta-

tion which will capture this information and will be a close approximation to the

picture.
Let G be the finitely-presented lattice-ordered group with generators

the formal symbols a, a), a,, a;, a,, as, a5 and a, and relations

agNa,=e, a =e,
ai'aga; < ay, ai'aya, <a,,
a;<b (i=0,1), a,by = bya,,
a\b, = bjay, a6, = qa,
_ . -l
ad, =da,, a3'd0a3/\d,(a3'd0a3) =e,
aga, = a,a,, aj'aja, = b,,
a;'ba, = c, a;'ca, =d,,
agas = asay, as'byas = ¢y,
c,as = ascy, agNa,=e,

-1 — -1
ci'(agVas)e,=agVa, a,Naga; =e,

c,"a(,cl < aq, c,a7c1" <a,,
canci' <a,, aby' Nby=e
where
b =a3'a,ay, ¢, =aj%aa}, d,=aiad} (i=0,1).

Observe that all of the above relations hold in A(R) under the natural interpre-

tation.
Note that we write x < y as a shorthand for x A y = x.
We will continue to use x * y for y~'xp and x * yz for x * (yz). Observe that

(x*xy)rz=xxyz
LEMMA 1. In G, the following facts hold:
(@) bico = coby; ¢dg = dicy.
(i) bye, = ¢,by; ¢\d, = dyc;; byd, = db,.
(iii) ag* af < a, foralln € " .
(iv) (ag * a) N (ay * al") = e unless n = m.

(V) (by * bT) N (by * bT") = e unless n = m.



WORD PROBLEM FOR LATTICE-ORDERED GROUPS 133

(Vi) (co * €]) N (co * ') = e unless n = m.

(vii) (dg * d]') N\ (dg * di") = e unless n = m.

(viii) (ag * al'bickdP) A (ag * afby'cl'dl’) = e unless (m=m', n=n', k = k'
and p = p’).

(ix) ay * " < aj'dya; for all m € w.

(X) ag * c]' < aq if and only if m € .

(xi) ag * al'as = ag * b for allm € L.

(xil) g, < b, <c <d,

PrOOF. (i) and (ii) follow immediately by conjugating the relations a,b, = bya,,
a,b, = b,a, and a\c, = c,a, of G by a, or a3.

(iii) follows from the relations a;'a,a, < a, and a;'a,a, < a, by induction on 7.

(iv) follows from (iii) and the relation a, N\ a, = e.

(v), (vi) and (vii) now follow by conjugating (iv) by as, a2 and a3 respectively.

(viii) Since a, commutes with by, a, < b, implies a, * aj < b, for all n € Z.
Conjugating by a; and a? gives by * b} < ¢, and ¢, * ¢} < d,), respectively, for all
n € Z. Hence a, * a"bcf < d,and a,, * al"b7ck’ < d,,. (viii) now follows by succes-
sively using (vii), (vi), (v) and (iv).

(ix) Note that a, * c" < d, for all m € w (as in (viii)). Since a,, < b,

dy=ay*a3<by*a;=a;'dya,.

Hence a, * ¢" < a;'d,a, for all m € w.

(x) is similar to (iii) using the relations involving a4 and a-.

(xi) Since a,b;' N by = e, a, N\ by = b, by Lemma 0(iii). But a, < by; so a, * a"
= a, * b{’ for all m € Z by Lemma 0(ii). Thus a,, * a{"as = a, * bj'as = a, * cg'. But
b,cg' N ¢y = e (conjugate a,by' A\ by = e by a3); s0 ay * ' = a, * b7 by Lemma
G(ii) again. Therefore a, * a"as = a, » b} for allm € Z.

(xii) Since a, < b, = aj'a,a,, b, < ¢, & ¢, < d, (conjugate by a, & a3).

4. Coding recursive functions into lattice-ordered groups.

We write (a; r(a) = e) for the G described above.

We observe that G contains the five “levels” of Z, as described above.

Our main goal in this section will be to code recursive functions (from w into w)
into finitely presented lattice-ordered groups.

A function f €“w is said to be representable if there are a finite number of
generators x(f)—including a and a, — and a finite number of words s(f) in these
generators such that the relations s(f) = e hold in A(R) in the natural interpretation
and, in G(f) = (x(f); r(a) = e, s(f) = e), a, commutes with a,, b, and d,, and for
allm € w

(*) m ag*cya,=ag* b{(™ei.

By Lemma 1(viii), a, is well defined (a, * c" & a, * f{"c]" are disjoint from
ay * cf & ag * b{"ct for all n # m).
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Note that in A(R), a, has all these properties. Indeed, all the relations that we will
write down hold in A(R) in the natural interpretation as can be easily checked.

All generators of the finitely presented lattice-ordered groups we will construct
will be of the form a, @ or a, for some functions g €“w.

Our main goal will be to prove that every recursive f €“ w is representable.

To achieve this, it is easiest to take a classification of recursive functions of one
variable given by Julia Robinson:

A function f €“w is obtained from g, h, u, v €E“w by general recursion if (i)
fg = u, (ii) fh = of, and (iil) each n € w belongs to the range of one of the functions
h*g (k € w).

The first result from recursion theory that we will need is:

I. (Julia Robinson [10]) The class of recursive functions is the smallest class of
numerical functions which is closed under composition and general recursion, and
contains the zero function 8 (8(n) = 0) and the successor function s (s(n) = n + 1).

LEMMA 2. Every recursive function is representable.

Proor. Firstly, 8(n) = 0 is clearly representable—adjoin to G the generator a,

and the relation a, = e.
Secondly, for s the successor function, adjoin to G the generators 4 and a_, and the

relations: @ commutes with a|, b, and d;
c,d=abc;; ay*xad=ay*b;
. . . -1 -
(aVe)(aVe)najldyas]” Aajldya, = e;
a,=(aVe)Naj'dya, and agN(a"'Ve)=e.
Since & commutes with a,, b, and d,, so does a V e. Moreover, so does a;'d,a, by
Lemmas 0(iii) and 1(xii) (with x = a3'dya;,y = d, and z = a,, b, and d,). Thus a,
commutes with a,, b, and d,. We now prove a, * c{"a = a, * bj"™c]" for all m € w
by induction.
Form=0, ay*c’da=ay*a=ay*b, = ayx*bO.
Assume a,, * c'd = ag * b"c]". Then

m+ls — m, A~ — ms
ag*xcy'" A =ay*ci'c,d =ay*cyabc,

= ag* bY"e"biey = ag x by eyt

as required.

Now e = a;'dya; N d\(a;'dya;)”, so d, = aj'dya, V d\(a;'d,a,)”". Since
(@Ve)(aVe)Aaj'dya ]! Najldya; =e and ayxc]' <aj'dya; (by Lemma
1(ix)), ag * c['[(a V e) N a3'dyas] = ag = c['(a V e) for all m € w by Lemma 0(ii).
Hence, by the above and the definition of a, (= (@ V e) A a3'd,a;,),

m —_ m{( A
ag*cla,=agxc(aVe) foralmew.

But ag A (@' Ve)=e, soay*xc" A(a"'Ve)=e (mE w) by Lemma 1(x). By
Lemma 0(1),

ag*c(eVa)a' =agxc(a'Ve)=ag*cp
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and hence
ag*cl(eVa)=ay*cla=ay*bycn

for all m € w. Therefore a, * c/'a, = a, * b}t for all m € w. Thus s is repre-

sentable.

We next show that if f and g are representable, then so is # = gf. Let G(h) have
generators x(f) U x(g) U {a,}, and relations: s(f) = e, s(g) = e, a, commutes
with a,, b, and d, and a,(a, $a,)"' Nas=e, where xty is shorthand for
x * ag'y~las. Since a, * ¢f" < ag for all m € w (Lemma 1(x)) and a,(afa,)™ A aq
= e,

Ao * Cray = aOC;"(agTaf)

by Lemma 0(i). So, in G(4), using Lemma 1(xi),
m — m -1 -1,-1
ay* cl'a, = ag * ¢; (a5 asaa,a;a; a5)
= ay* b{'"cPa a,az'a;as

— f(m) gm -1,-1
ag* c{'™d"a a;a; as

I

ag * bf/(n:)c{(nt)drxazlaflas

a, * a:un:)b{(nl)(,;naflas
=ay*af"™clas = a, * b,
Hence the composition of representable functions is representable.
Lastly, we must show that if g, 4, u and v are representable and f is obtained from
them by general recursion, then f is representable. So assume the hypothesis and let
G(f) have a generators a, together with those used to show the representability of

g h,u and v, and relations those required for g, h,u and v together with:
a, commutes with a,, b, and d,;

-1 -1
afasta,) Na,=e and (asfa,)(agfa;)” Nag=e.
Now each m € w belongs to the range of some h*g. We prove, by induction on &,
that for each m € range(h*g), a, * ci'a, = ay * b{"™c}".
For k = 0, let m = g(n), say.
Thus ag * cfa, = ag * b{"c} = a, * b{™c! since u is representable and u = fg.
Since a(a, t a,)”' /\ ag = e, it follows that

n — n -1,-1
ag*cya, = ap* c,(a/* a, ag 05).

Hence
ag * b{"clas'a a, = ag * clas'a a,a,.
So
ag* a{'"™cla,a, = ay x b§"claya,.
Therefore

f(m).m gn — mJjn
ag* b{"™eVd! = ay x ci'dla,.

Since dya, = a,d,, ag * b{("c" = ag * c'a,.



136 A. M. W. GLASS AND YURI GUREVICH

Now assume that if n € range(h“g), then a, * ca, = a, * b{"c} and suppose
m € range(h**'g). So m = h(n) for some n € range(h*g).

But
ap * CT(“/Tah) =ap* C?(%Taf)
$0
ag * cfas'a,a,a.az'ay'as = ag * clas'a a,a,a;'a;as.

By the hypotheses,

ag*x ci"dlasa}'a;' = ag x o dla,a;'a;".
Thus

ag * clasdiaz'ay’ = ag* by e{Mdra'a;".
Hence

ag * cla dy = ag* b/ Mdraz'a'aya,.

Since vf(n) = fh(n) = f(m) and a, commutes with b,, ¢, and a,,
ag * cfa; = ag » b{"cla;'a{™a,a,d;".
Therefore
ag* c'a; = ay * cla,a{™a,d;".
So
ag* cfa; = ag * bi"cia{™Ma,d .
As h(n) = mand b, ¢, and d, commute,
ag* cl'a; = ag* b{ep
By I, every recursive function is representable, and the proof of the lemma

complete.

5. The proofs of the Theorem and Corollary. We now apply the results of §§2 and
4 to prove the Theorem. We need the following fact:

IL. There is a recursive function whose range is not a recursive set.

Let f be a recursive function whose range X is not recursive. Let 4 be the
characteristic function of w\ X i.e.,

0 ifmeX,
h(m) = {1 if m e X.
Note that 4 is not recursive and so is not necessarily representable.

By Lemma 2, f is representable. Adjoin to G(f) a new generator a,, and relations:
a;, commutes with a, b, and d,, and (a,fa;) N ags = e. Let Hy be the resulting
finitely presented lattice-ordered group. The set of generators corresponds to the set
X, mentioned in the introduction; the relations to S, mentioned there. Now since
agxcl <agforalln € w,

ag * Cf(ahTa/) =agxcy
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by Lemma 0(1). So
ag * clas'asaga, = ag * clas'asa,.
Thus
ay* cf™Ma, = ay*c{™.

This set of relations corresponds to the nonrecursive set S of the introduction,
whereas R corresponds to the set a, * ci'a, = ay * c[" (m € w).

However (by §2), in A(R), if m & X,
ag*cla, = ag*bcl" #+ ay* cf.
Since all the defining relations of Hy hold in A(R) in the given interpretation,in H,
ag*ca, = ag*cy' ifandonlyif m € X.

Consequently, we have achieved our goal and the finitely presented lattice-ordered
group H, has insoluble word problem. Q.E.D.

Note that the word problem for Hy has Turing degree at least that of X.

We now prove the Corollary.

If L is any lattice-ordered group and x € L, then |x|= x V x~' > ¢; indeed
| x|= e if and only if x = e {2, Lemma 1.11.4]. Hence w,,...,w, are simultaneously
equal to e if and only if |w, | V -+ V|w,|= e. So any finite set of relations in any
lattice-ordered group is equivalent to a single relation. The Corollary therefore
follows immediately from the Theorem.

Appendix. In §2 we asserted the existence of certain elements of A(R). We did not
wish to elaborate on the reasons for their existence earlier as we felt that a better
understanding of our ideas would result if we postponed these technicalities.
However, we must now prove the existence of as, a4, as € A(R). The proof is
essentially in [2, §2.2]; its root is [4].

Choose a, € supp(a,). Let B, = inf(supp(a,)) and y, = inf(supp(b,)). Observe
that sup(supp(a,)) < Byb, and sup(supp(b,)) < v4¢, by §2(c) and (d) respectively.
Let f, be an order-preserving one-to-one map of [a,, aga,] onto [ay, agby]. Let
f, = ag"fobg, an order-preserving one-to-one map of [agaj, agai’'] onto
[agbg, aoby '] (n € Z). Define f: supp(ay) — supp(by) by f1 [agaf, agal™'] =,
(n € Z);ie f= U{f: n€Z}. Wecan extend f to an order-preserving one-to-one
map g, of [By, Byby] onto [y, Yocol- Let g, = b3"goct: [Bobl, Bobit'] -
[Yos, Yocg 71 (n € Z) and g = U{g,: n € Z}. So g: supp(b,) — supp(c,). We can
extend g to an element of A(R), say a,. Since a, extends both f and g, it follows by
an easy computation that aj'aga; = b, and a3j'bya; = c,. (supp(a;'aya;) =
supp(a,)a; = supp(a)f = supp(b,), and if o € [agby, aghg*'), oai'aga; =
of,'ayf,+1 = oby. The other equality is proved similarly.) This shows that a, exists.

The constructions of a, and a5 are similar. Let 8, = inf(supp(c,)). Note that
sup(supp(c,)) < 8,d,. Let f, be a one-to-one order-preserving map of [B,, Byb,]
onto [ By, Byc,] such that £t supp(a,) = e. Let f, = by"fycg (n € Z), and f: supp(b,)
- supp(cy) be given by f= U{f: n €Z}. Let g5: [Y, YoCol = [89> 8pd] be a
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one-to-one order-preserving onto map extending f. Let g, = ¢;"g,d§ (n € Z) and g:
supp(c,) — supp(d,) be defined by g = U {g,: n € Z}. We continue this extension
process to

supp(d,) — supp(x,), supp(xy) = supp(y,),.-.,supp(y,) = supp(y,+,). ...

to obtain A, an order-preserving permutation of the interval U {supp(y,): n € Z* }.
By construction, h~'agh = ay, h™'ajh = b, h"'b,h = ¢, and h™'c;h = d,. Extend h
to an element of A(R), call it a,. (Of course, if R = U {supp(y,): n € Z* }, this
step is unnecessary.) Then a, € A(R) has all the desired properties.

For as, let f be defined as for a,. Let g,: [§,, 6,d,] = [8,, 8,d,] be an order-pre-
serving one-to-one onto map extending f. Let g, = d;"g,d{ (n € Z) and g be the
order-preserving permutation of supp(d,) given by U {g,: n € Z}. Then g"'d g =
d,. Since g extends f, g”'a g = a, and g'byg = c,. Let h,, , be that order-preserv-
ing permutation of supp(d, * d{'w) defined by g+ d{w (n € Z, w € W). Then
h=Ufh,, n€EZ weE W)} has the properties h™'agh = ay, h™'byh = ¢, and
h~'c,h = c,. Any extension of & to an element of A(R) can be taken as as.
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